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Abstract

In mathematics, fuzzy sets are sets whose elements have degrees of membership. Fuzzy sets were introduced by Lotfi
A. Zadeh and Dieter Klaua in 1965 as an extension of the classical notion of set. At the same time, Salii (1965) defined
a more general kind of structures called L-relations, which he studied in an abstract algebraic context. In this paper
we characterize the intra-regular, the left (right) regular and the completely regular ordered semi-groups in terms of
fuzzy sets.
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Introduction and Prerequisites on Terms of Fuzzy Sets

In classical set theory, the membership of elements in a set is assessed in binary terms according to a bivalent condition an
element either belongs or does not belong to the set. By contrast, fuzzy set theory permits the gradual assessment of the
membership of elements in a set; this is described with the aid of a membership function valued in the real unit interval
[0, 1]. Fuzzy sets generalize classical sets, since the indicator functions of classical sets are special cases of the membership
functions of fuzzy sets, if the latter only take values O or 1. In fuzzy set theory, classical bivalent sets are usually
called crisp sets. The fuzzy set theory can be used in a wide range of domains in which information is incomplete or
imprecise, such as bioinformatics [1-2].

Let (S;.;<) be an ordered semigroup (: an ordered set with a multiplication which is compatible with the ordering). For a
subset H of S, (H] denotes the subset of S defined by (H] :={t €S|t <h for some h €H}. For H={a; b, ¢, ......} we write
(a; b; ¢;.....] instead of ({a; b, ¢, .....}]. Clearly S = (S], and for any subsets A;B of S, we have A < (A], if A €B then (A] ©
(B], (A1(B] < (AB], and ((A]] = (A]. A nonempty subset A of S is called a left (resp. right) ideal of S if (1) SA <A (resp. AS
CA)and (2)ifa €Aand S 5b <a,thenb €A, that is (A] = A. Ais called an ideal of S if it is both a left and a right ideal of
S. A nonempty subset A of S is called a bi-ideal of S if (1) ASA cAand 2) ifa €Aand S 5b <a, thenb €A. For an element
aof S, L(a), R(a), I(a), B(a) denote the left ideal, right ideal, the ideal and the bi-ideal of S, respectively, generated by a,
and we have

L(a) = (ausa], R(a) = (avas], I(a) = (avaS USaaSa],

B(a) = (a vaSa].

A left (resp. right) ideal A of S is clearly a subsemigroup of S i.e. A2 € A. A nonempty subset A of S is called an interior
ideal of S if

1) SAS €A and

2)ifacAand S 3b<a,thenb €A. If A anideal of S, then A is an interior ideal of S. Indeed, S(AS) € SA <A and (A] =
A. If Ais a left (resp. right) ideal of S, then A is a bi-ideal of S. An ordered semigroup (S;.;<) is called left regular if for
every a €S there exists x €S such that a <xa2, that is a €(Sa2] foralla €S or A < (SA2] for all A €S. Itis called right
regular if for every a €S there exists x €S such that a <a2x, that is a € (a2S] for alla €S or A < (A2S] for all A €S. An
ordered semigroup (S; .;<) is called regular if for any a €S there exists x €S such that a <axa i.e. a € (aSa] for everya €
Sor A ©(ASA] for every A cS. It is called intra-regular if for each a €S there exist x; y €S such that a <xa2y, thatisa €
(Sa2S] for alla € S or A < (SA2S] for all A ©S. An ordered semigroup (S; .;<) is called completely regular if it is at the
same time left regular, right regular and regular. In regular and in intra-regular ordered semi-groups the ideals and the
interior ideals are the same. A subset T of S is called semiprime if for any a €S such that a2 €T, we have a €T, equivalently,
if A ©Ssuchthat A2 T impliesA cT.

If S is an ordered semigroup, a fuzzy subset of S (or fuzzy set in S) is a mapping f of S into the real closed interval [0; 1] of
real numbers. For a subset A of S, denote by fA the characteristic function on A, that is the fuzzy subset of S defined by
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1if xeA

fA:S —[0; 1] | fA(X) :=

Oifx = €A

A fuzzy subset f of S is called a fuzzy subsemigroup of S if
(1) f(xy) = min{f(x), f(y)} for every x; y €S and
(2) if x <y, then f(x) > f(y).

A fuzzy subset f of S is called a fuzzy left ideal (resp. fuzzy right ideal) of S if
(1) f(xy) >f(y) (resp. f(xy) >f(x)) for every x; y €S and
(2) if x <y, then f(x) > f(y).

For a fuzzy subset f of S, we say that f is a fuzzy ideal of S if it is both a fuzzy left and a fuzzy right ideal of S. A fuzzy subset
fof S is called a fuzzy bi-ideal of S if

(1) f(xyz) = min{f(x); f(z)} for all x; y; z €S and

(2) if x <y, then f(x) > f(y).

It is called a fuzzy interior ideal of S if

(1) f(xay) >f(a) for all x; a; y €Sand

(2) if x <y, then f(x) > f(y).

Intra-regular ordered semi-groups play an important role is studying the structure of ordered semi-groups. An ordered
semigroup S is intra-regular if and only if it is a semilattice of simple semi-groups, equivalently, if S is a union of simple
subsemi-groups of S [2], which means that intra-regular ordered semi-groups are decomposable into simple components.
Moreover, an ordered semigroup S is both regular and intra-regular if and only if it is a semilattice of simple and regular
semi-groups]. Recall that every completely regular ordered semigroup is, by definition, left (resp. right) regular. Every left
(resp. right) regular ordered semigroup is intra-regular. It is known, by the same author, that the intra-regular, left regular,
and completely regular ordered semi-groups can be also defined as the ordered semi-groups in which the ideals, the left
ideals, and the bi-ideals, respectively, are semiprime [3-5] and [8]. In this paper adds some additional information on the
same type of ordered semi-groups using fuzzy sets as well.

Main Results

Lemma 1. Let S be an ordered semigroup. If A is a left (resp right) ideal of S, then the characteristic function fA is a fuzzy
left (resp. fuzzy right) ideal of S. "Conversely", if A is a nonempty subset of S and fA a fuzzy left (resp. fuzzy right) ideal of
S, then A is a left (resp. right) ideal of S.

Lemma 2. Let S be an ordered semigroup. If A is a bi-ideal of S, then the characteristic function fA is a fuzzy bi-ideal of S.
"Conversely", if A is a nonempty subset of S and fA a fuzzy bi-ideal of S, then A is a bi-ideal of S.

Lemma 3. Let S be an ordered semigroup. If A is a subsemigroup of S, then the characteristic function fA is a fuzzy
subsemigroup of S. "Conversely", if A is a nonempty subset of S and fA a fuzzy subsemigroup of S, then A is subsemigroup
of S.

Lemma 4. (cf. also [9; Proposition 2.3]) Let S is an ordered semigroup. If A is an interior ideal of S, then the characteristic
function fA is a fuzzy interior ideal of S. "Conversely"”, if A is a nonempty subset of S and fA a fuzzy interior ideal of S, then
Ais an interior ideal of S.

Definition 5. Let S be an ordered semigroup. A fuzzy subset f of S is called fuzzy semiprime if
f(a) >f(a2) for every a €S:
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Theorem 6. Let S be an ordered semigroup. The following are equivalent: (1) S is intra-regular.

(2) Every interior ideal of S is semiprime.

(3) Every fuzzy interior ideal of S is fuzzy semiprime.

(4) If fis a fuzzy interior ideal and at the same time a fuzzy subsemigroup of S, then f(a) = f(a2) for every a €S.

(5) a €1(a for every a €S.

(6) 1(a) = 1(a?) for every a €S.

(7) Every ideal of S is semiprime.

(8) Every fuzzy ideal of S is fuzzy semiprime.

Proof. (1) = (2). Let A be an interior ideal of S and a €S, a®> €A. Since S is intra-regular, we have a € (5a?S] < (SAS] €
(A] = A, and A is semiprime.

(2) == (3). Let f be a fuzzy interior ideal of S and a €S. The set (Sa2S] is an interior ideal of S. This is because it is a
nonempty subset of S,

S(Sa?S]S = (S](Sa%S](S] < (S(Sa2S)S] < (Sa?S]; and ((Sa2S)] = (SaS]. Then, by (2), (Sa?S] is semiprime. Since a* € (Sa29],
we have

a2 €(Sa?S], and a €(Sa’s].

Then a < xa?y for some x; y €S. Since f is a fuzzy interior ideal of S, we have f(a) >f(xa?y) >f(a?), so f is fuzzy semiprime.

(3) == (4). Let f be a fuzzy interior ideal at the same time a fuzzy subsemigroup of Sand a €S. By (3), f is a fuzzy semiprime
fuzzy subsemigroup of S, so we have
f(a) >f(a?) > min{f(a); f(a)} = f(a); then f(a) = f(a?).

(4) ==(5). Let a €S. Since 1(a?) is an ideal of S, 1(a?) is an interior ideal at the same time a subsemigroup of S. By Lemmas
3 and 4, the characteristic function fl(a?) is a fuzzy interior ideal and at the same time a fuzzy subsemigroup of S. By (4),
we have

fl(a®(a) = fl(a®)(a?) = 1. Then a €1(a?).

(5) == (6). If a €S then, since a €1(a?), we have

I(a) €1(a?) = (a? USa? Ua’S USa®S] < (Sa vaS v SaS] <1(a);

thus we have 1(a) = 1(a?).

(6) == (7). If Ais an ideal of S and a €S such that a®> € A then, by (6), we have
a €l(a) = 1(a?) €A, So A is semiprime.

(7) == (8). Let f be a fuzzy ideal of S and a €S. As we have already seen the set (Sa?S] is a nonempty subset of S and
((Sa?S]] = (Sa®S], moreover S(Sa?S] = (S](Sa%S] < (S%a%S] < (SaS], so (Sa2S] is a left ideal of S, similarly it is a right ideal,
and so an ideal of S. By hypothesis, (SaS] is semiprime. Since a* € (Sa%S], we have

a? €(Sa%s], and

a €(SaS]. Then a < xa?y for some x; y €S. Then we get f(a) >f(xa?y) >f(a?), so f is fuzzy semiprime.

(8) == (7). Let A be an ideal of Sand a €S, a®> €A. Since fA is a fuzzy ideal of S, by hypothesis, fA is fuzzy semiprime, so
we have fA(a) > fA(a?) = 1. On the other hand, since fA is a fuzzy subset of S, we have fA(a) < 1. Thus we have fA(a) = 1,
and a €A, so A is semiprime.

(7) == (1). Let a €S. Since (Sa2S] is an ideal of S, by hypothesis, it is semiprime. Since a*€& (Sa?S], we have a € (SaS], so
S is intra-regular. One can also prove directly the implication (8) = (1). In this case the proof is more technical.

Theorem 7. Let S be an ordered semigroup. The following are equivalent:

(1) S is left regular.

(2) The left ideals of S are semiprime.

(3) The fuzzy left ideals of S are fuzzy semiprime.

(4) If f is a fuzzy left ideal and at the same time a fuzzy subsemigroup of S, then
f(a) = f(a?) for every a €S.

(5) a €L(a?) for every a €S.

(6) L(a) = L(a?) for every a €8.
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Proof. (1) == (2). Let A be a left ideal of S and a €S such that a> €A. Then a €(Sa?] < (SA] € (A] = A, so A is semiprime.

(2) == (3). Let f be a fuzzy left ideal of S and a €S. The set (Sa?] is a left ideal of S. Indeed, & #(Sa?] €S, S(Sa?] = (5](Sa?]
€(S(Sa?)] £(Sa?], and ((Sa?]] = (Sa?]. By (2), (Sa?] is semiprime. Since a* & (Sa?], we have a? € (Sa?], and a €(Sa?]. Then
a <xa? for some x €S from which f(a) >f(xa?) >f(a?), and f is fuzzy semiprime.

(3) == (4). Let f be a fuzzy left ideal at the same time a fuzzy subsemigroup of S and a €S. Since f is a fuzzy left ideal of
S, by (3), fis fuzzy semiprime which means f(a) >f(a?). Since f is a fuzzy subsemigroup of S, we have f(a?) >min{f(a); f(a)}
= f(a). Then we obtain f(a) = f(a?).

(4) == (5). Leta €S. As L(a?) is a left ideal and a subsemigroup of S, by Lemmas 1 and 3, fL(a?) is a fuzzy left ideal and a
fuzzy subsemigroup of S. By (4), we have fL(a%)(a) = fL(a%)(a®) = 1. Then a €L(a%) and condition (5) is satisfied.

(5) == (6). If a €S, then a €L(a%) = (&> USa?] £(Sa] £L(a). Then we have
L(a) £L(a®) <£L(a), and L(a) = L(a?).

(6) == (1). Leta €S. We have a €L(a) = L(a?) = (a2 uSa?]. Then a2 € (a? U Sa?](a] < (a® uSa’] £(Sa?]: Thus we have
a €((Sa? vSa? = ((Sa?]] = (Sa?], and S is left regular.
The right analogue of Theorem 7 also holds and we have the following theorem.

Theorem 8. Let S be an ordered semigroup. The following are equivalent:

(1) S'is right regular.

(2) The right ideals of S are semiprime.

(3) The fuzzy right ideals of S are fuzzy semiprime.

(4) If fis a fuzzy right ideal and at the same time a fuzzy subsemigroup of S, then
f(a) =f(a2) for every a €S.

(5) a €R(a2) for every a €S.

(6) R(a) = R(a2) for every a €S.

Lemma 9. An ordered semigroup S is completely regular if and only if, for every a €S, we have a € (aSa?)

Proof. ==. Since S is completely regular, we have

a € (aSa] <((a?S]S(Sa?]] = ((a?S](S](Sa?]] < ((a?S)S(Sa?)] < (a®Sa?];

thus a € (a®Sa?].

Let a €S. Since a € (a?Sa?] < (aSa]; (Sa?]; (a%S], S is regular, left regular and right regular.

Theorem 10. Let S be an ordered semigroup. The following are equivalent:
(1) S is completely regular.

(2) Every bi-ideal of S is semiprime.

(3) Every fuzzy bi-ideal of S is fuzzy semiprime.

(4) a eB(a2) for every a €S.

(5) B(a) = B(a2) for every a €S.

Proof. (1) == (2). Let A be a bi-ideal of S and a €S such that a> €A. Since S is completely regular, by Lemma 9, we have
a €(a’Sa’] € (ASA] €(A]=A,and a €A.

(2) == (3). Let f be a fuzzy bi-ideal of S and a €S. The set (a?Sa?] is a bi-ideal of S.

This is because (a?Sa?] is a nonempty subset of S,

(a?Sa?]S(a?Sa?] = (a?Sa?](S](a%Sa?] < ((a?Sa?)S(a%Sa?)] < (a%Sa?];

and ((a®Sa?]] = (a®Sa?]. By (2), (a?Sa?] is semiprime. Since (a*) 2 = a®€ (a?Sa?], we have (a%) % = a* € (a®Sa?], a?€ (a?Sa?],
and a € (a?Sa?]. Then a <a?xa? for some x €S. Since f is a fuzzy bi-ideal of S, we have

f(a) > f(a?xa?) > min{f(a?); f(a?)} = f(a?); and f is fuzzy semiprime.
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(3) == (4). Let a €S. We consider the bi-ideal B(a?) of S generated by a. This is the set (a2 v a?Sa?]. Since B(a?) is a bi-
ideal of S, by Lemma 2, fB(a?) is a fuzzy bi-ideal of S. By (3), we have fB(a?)(a) >fB(a?)(a?) = 1. Since fB(a2) is a fuzzy set
in S, we have

fB(a?)(a) < 1. Then fB(a?)(a) = 1, and a € B(a?).

(4) == (5). Let a €S. Since B(a) is the bi-ideal of S generated by a, by (4), we have
a €B(a) €B(a?) = (a? vaSa?]. Then

a? €(a® va®Sa?](a] c((a®> va®Sad)a] = (a® v a®Sa®] < (aSa] < (a vaSa] = B(a);
and B(a%) < B(a). Thus we obtain B(a) = B(a?).

(5) ==(1). Let a €S. By (5), we have a €B(a) = B(a?) = (a? v a?Sa?]. Then a <a?or a < a’ya? for somey €S. If a <a?,
then a < a?a? = aaa® < a%aa®. For x := a, we get a < a’xa?, and the proof is complete.

A left (or right) regular ordered semigroup S is intra-regular. Indeed, if S is left regular, then for each a €S, we have

a €(Sa?] < (S(Sa?la] < ((S](Sa?](a]] < (S(Sad)a] < (Sa?S]; So S is intra-regular.
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